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Structural Optimization by Multilevel Decomposition
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and
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Kentron International Inc., Hampton, Virginia

A method for decomposing an optimization problem into a set of subproblems and a coordination problem
that preserves coupling between the subproblems is described. The decomposition is achieved by separating the
structural element optimization subproblems from the assembled structural optimization problem. Each element
optimization and optimum sensitivity analysis yields the cross-sectional dimensions that minimize a cumulative
measure of the element constraint violation as a function of the elemental forces and stiffness. The assembled
structural optimization produces the overall mass and stiffness distributions optimized for minimum total mass
subject to constraints that include the cumulative measures of the element constraint violations extrapolated
linearly with respect to the element forces and stiffnesses. The method is introduced as a special case of a
multilevel, multidisciplinary system optimization and its algorithm is fully described for two-level optimization
for structures assembled of finite elements of arbitrary type. Numerical results are given as an example of a
framework to show that the decomposition method converges and yields results comparable to those obtained
without decomposition. It is pointed out that optimization by decomposition should reduce the design time by
allowing groups of engineers using different computers to work concurrently on the same large problem.

Nomenclature
A = cross-sectional area
C = cumulative constraint
e = equality constraint, element subscript or superscript
fi = functional relation (labeled by subscript /)
F = objective function, structural mass in structural

application
{ g } = inequality constraint vector of length m ({ } omitted

in equations)
{ g e } = elemental inequality constraint vector of length m(e)
{gs} = system inequality constraint vector of length m(s)
[K] = stiffness matrix ([ ] omitted in equations)
KS = function defined by Eq. (22)
7 = cross-sectional moment of inertia about centroidal y

axis shown in Fig. 3 (inset)
l,u = lower and upper bounds, respectively
M = mass or moment
n = length of vector
n ( e ) = number of y variables in element e
NE = number of elements
NLC = number of loading cases
P =load in Eq. (7); concentrated force in numerical

example
( Q } — elemental force vector
STOC = subject to constraints
t ( e ) = number of elemental properties in element e
[X] = vector of elemental properties, which are design

variables at the system level
[y} = vector of detailed design variables of length n at the

subsystem level
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Superscripts
T = transposed vector or matrix
z = loading case,. = 1 —>NLC
{~} = optimum values

Introduction

THE application of formal optimization techniques to the
design of large engineering structures such as aircraft is

presently hindered because the number of design variables
and constraints is so large that the optimization is both in-
tractable and costly and can easily saturate even the most ad-
vanced computers available today. A remedy is to break the
problem into several smaller subproblems and a coordination
problem, the latter being formulated in a manner which
preserves the couplings between the subproblems. In addi-
tion to making the problem more tractable, this approach
would be compatible with the organization of a typical
design project in which diverse engineering groups work con-
currently on different parts of the problem. Such an ap-
proach would also lend itself to parallel or multiple com-
puter processing, thereby shortening the design cycle time
and cost.

Several procedures for breaking large structural optimiza-
tion problems into subproblems have been proposed in the
literature. A typical effort is represented by Ref. 1, which
describes a procedure consisting of an analysis of the struc-
ture followed by optimization of each substructure while
holding invariant the forces acting on it from the contiguous
substructures. Since the procedure changes the substructure
stiffness properties, analysis of the assembled structure has
to be repeated to update the forces acting on the substruc-
tures for the next round of substructure optimizations, etc.,
in an iterative manner. A similar approach was formulated
in Ref. 2. Although computationally efficient, these ap-
proaches do not subject the overall stiffness distribution to
the optimization algorithm. Those algorithms, therefore,
cannot be guaranteed to find the minimum structural weight
because, in general, a controlled tradeoff of the structural
material among the substructures is necessary to find such a
minimum. Because of this lack of a controlled tradeoff, the
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methods of Refs. 1 and 2 are conceptually similar to the
fully stressed design method. A method designed to incor-
porate control of the material distribution among the finite
elements of an assernbled structure has been offered in Ref.
3 for a two-level optimization.

The optimization schemes cited above are all rather
specialized and would not be suitable for application to
multidisciplinary optimization of large engineering systems.
Recently, Ref. 4 proposed a method for decomposing a large
multidisciplinary optimization problem into a number of
small subproblems and provided a blueprint for development
of a computer implementation for the method. The method
decomposes a large problem in the manner shown in Fig. 1.
In a general application, each subproblem depicted by a box
in Fig. 1 represents a physical subsystem of the total system,
e.g., air frame or engines in an aircraft, so that the method is
entirely general and admits various engineering disciplines
for analysis of the system and subsystems. In structural ap-
plications, the decomposition for optimization purposes
coincides with multilevel substructuring,5"7 so that the system
represents a complete structure, the subsystems become
substructures, and the subsystems of the lowest level,
7=ymax, correspond to the individual finite elements by
which the structure is idealized.

In this application, Ref. 4 is similar to Ref. 3 in that it
controls the objective function at the highest level; however,
it allows decomposition to several hierarchical levels and
couples these levels by using optimum sensitivity derivatives
defined in Ref. 8. These derivatives are used in a linear ex-
trapolation to estimate the subsystem response to higher level
variable changes, thus eliminating the need for reoptimizing
the subsystems for each higher level variable change. The
method of Ref. 4 has recently been implemented for two-
level optimization and applied to a framework structure as a
prelude to proceeding with implementation of a general
multilevel optimization procedure. The purpose of this paper
is to describe the two-level procedure for the general case of
a structure modeled by an assembly of arbitrary-type finite
elements, and to illustrate its validity in a numerical applica-
tion to a simple framework structure which includes a com-
parison with the results of a conventional one-level optimiza-
tion. Full detail is omitted in this condensed report; see Ref.
9 for further information.

Examples of Xe
t are: cross-sectional area and moment of

inertia of a shaft, and bending stiffness coefficient of an or-
thotropic plate. One can calculate for element e, its mass and
stiffness matrices as

(4)

(5)**=/$(*)

referred to the global coordinate system.
In the preceding mass and stiffness expressions, the rele-

vant material properties, e.g., density and Young's modulus
are implicit in the functional relations/f and/f. It is possible
to make the material choice a design variable, in which case
the material properties would be included with the cross-
sectional dimensions in vector ye. However, the variable
material case is outside the scope of this report.

Although the element mass and stiffness appear in Eqs. (4)
and (5) as functions of Xe, ultimately they are functions of
ye through Eq. (3). Consequently, the elemental properties
Xe and the finite element cross-sectional dimensions ye are
hierarchically related as shown by a Venn diagram in Fig. 2.
The vector ye carries information that, for given/f and/f, is
sufficient to calculate mass and stiffness for element e, while
the vector Xe carries the information needed to quantify
mass and stiffness of the entire structure.

Proceeding from an element to the assembled structure, its
stiffness matrix K is generated from entries Ke

pq of matrix Ke

as

where S symbolizes a procedure for direct summation of
stiffnesses. Formation and solution of the load-deflection
equations for displacements u are

(7)

where superscript z refers to a loading case, and yields
displacements u and elemental forces Qe

r'z for element e. Ex-
pressed in an element coordinate system,

(8)

Two-Level Optimization
This section establishes basic definitions and concepts, and

develops a general-pupose algorithm for a two-level struc-
tural optimization.

Definitions
For the purposes of structural analysis by a finite element

method, one defines n cross-sectional dimensions of the
finite element model as entries in the vector y

that can also be organized into NE partitions

yT =yl ...ye...yNE

(1)

(2)

Each partition of length n(e) corresponds to a finite ele-
ment of the total of NE finite elements. Stiffness and mass
properties of each finite element e are defined by quantities
Xe

t collected in a vector Xe, which is a partition e of a vector
X for all elements. In further discussion, the quantities Xe

t
are referred to as elemental properties. They are computable
as functions of ye,

(3a)

(3b)

LEVEL 1

LEVEL 2

LEVEL j

LEVEL

Fig. 1 Multilevel substructuring.

Fig. 2 Venn diagram for a two-level system hierarchy of design
variables.
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where each vector Qe>z contains r(e) forces Qfz. The forces
in vector Qe'z are statically independent and related to the
full set of elemental forces by the matrix He that represents
the element equilibrium.

One-Level Optimization
A conventional one-level optimization for minimum mass

F can be based on the quantities defined by Eqs. (1-7).
Namely, with y as the vector of design variables, one has

min F(y)

subject to constraints (STOC)

(9a)

(9b)

(9c)

where constraints g are imposed on the static behavior
variables, such as stresses and displacements, and yt,yu are
side constraints.

Two-Level Optimization Procedure
Under a two-level optimization approach, the problem

defined by Eqs. (9) is decomposed into a single problem at
the assembled structure level and NE subproblems (one for
each finite element) at the lower level. The two levels are
referred to as system and subsystem levels, respectively. With
respect to a general, multilevel substructuring scheme shown
in Fig. 1, the two-level case corresponds to the upper two
levels of the figure, with the "substructures" of the second
level acquiring the physical meaning of individual finite
elements.

Conversion to a two-level optimization scheme begins with
partitioning the vector of constraints g into

gT= (10)

where gs contains the constraints on the system behavior,
and the remaining constraints are local to each element. Ex-
amples are a nodal point displacement limit for the former
and an element stress allowable for the latter. Tracing the
functional relations for gs through Eqs. (7) and (3b) one
obtains

oS = f/l(X) ( I I )S J 4 V*^ / V A /

Similarly, for ge, the trace through Eqs. (8), (6), (5), and (3a)
leads to

ge=ft(ye,X*,Qg) (12)

Furthermore, the structural mass in Eq. (9a) becomes

F=f6(X) (13)

when the element masses expressed by Eq. (4) are summed.

Subsystem (Element) Level
For conversion to a two-level optimization, it is necessary

for each finite element e that the number n(e) of its cross-
sectional variables be no less than the number t(e) of its
elemental properties, Xe

t.

t(e)<n(e), (14)

The above equation may be satisfied in both its equality
and inequality parts, or in its equality part only, dependent
on the type of structural element. If Eq. (14) holds in its ine-
quality part, then it is possible to carry out an isolated local

operation of changing values of the entries in ge by
manipulating the design variables in ye in such a way that Xe

and, consequently, Qe>z remain constant. In other words, if
the inequality in Eq. (14) is true, there is design freedom to
proportion the element in a new way, improved in some
sense, without affecting the assembled structure solution.
Translated into a formally stated optimization problem; for
element e,

min Ce(ge) (15a)

(15b)

(15c)

Constraints of the problem are the side constraints on y as
in Eq. (9c) and equality constraints to enforce invariance of
Xe for the duration of the solution process of Eqs. (15).
Regardless of the technique used to satisfy the equality con-
straints in Eq. (15b), their presence has the effect of reducing
the number of free variables in ye by t(e), hence, the condi-
tion of Eq. (14).

The problem's objective function, Ce, is a single number
that measures the degree of constraint violation for all con-
straints that make up vector ge. The quantity Ce is known in
the literature9'11 as a cumulative constraint and can be for-
mulated in a number of ways. For this paper's purpose,
Ce(ge) should be such that

Ce = > 0, if gej >0; j = 1...m (e); (at least one violated)

= <0, ifg?<0; 7 = l-/n(e); (all satisfied) (16)

and must have continuous derivatives. A specific formula-
tion for Ce will be discussed later [Eqs. (22) and (23)].

The choice of Ce for the objective function in the element
optimization subproblems, Eqs. (15), is consistent with Eq.
(4) which, for constant Xe and for Eq. (14) holding, renders
F unaffected by the changes of ye. This means that, as
similarly proposed in Ref. 3, there is no control of the objec-
tive function at the lower level of optimization; the only ob-
jective of optimization at that level is to achieve the best
possible satisfaction of constraints consistent with the ele-
ment forces Qe>z and the elemental properties Xe.

System (Structure) Level
The objective function and the remaining constraints, gs',

are controlled at the assembled structure level. The single op-
timization problem to be solved at that level is then

min F(X)

STOCgj<0;

C*<0;

where the objective function

(17a)

(17b)

(17c)

(17d)

(17e)

(18)

depends on X through Eq. (4), and the entries of the vector
X are the system-level design variables. Presence of the con-
straints on Ce in Eq. (17c) and ye in Eq. (17d) assures that
when a solution to the system-level optimization problem is
found, satisfaction of all of the local constraints will be a
part of that solution.
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Coupling between the Levels
The optimization problems in the form given by Eqs. (15)

at the subsystem level are coupled to the system-level prob-
lem. It is a two-way coupling: As input, each subsystem
problem receives the system-level variables Xe and the
system-level analysis results Qe>z [Eqs. (12), (15), and (16)]
and returns its optimal Ce and ye [Eqs. (17c) and (17d)].
However, in practical implementation, the constraints on C6

and ye cannot remain in the form of Eqs. (17c) and (17d)
because their evaluation for each new X would require a new
solution to the subsystem problem in Eqs. (15)—a reop-
timization of the elements affected by new X. Computa-
tionally, that would be prohibitively costly in large problems.

There is a way to bypass these costly subsystem reop-
timizations in the system-level optimization. It is available in
the concept of the sensitivity of the optimum to problem
parameters and an associated algorithm for computation of
the derivatives to quantify that sensitivity is proposed in Ref.
8. Applying that concept to the optimization represented by
Eqs. (15), one recognizes immediately that because of Eqs.
(12) and (13) the optimization constant parameters are Xe

t
and Qe

r
>z. Consequently, the optimum solution, Ce and ye, of

Eqs. (15) is a function of these parameters and has
derivatives dCe/dXe

t, dCe/dQe
r>z, dye/dXe

t, and dye/dQe
r'z,

termed optimum sensitivity derivatives.

Table 1 Interlevel flow of information

System level
(assembled structure)

Subsystem level
(individual elements)

Elemental properties
and forces:

Xe', Qe'z

Elemental optimum solutions
and their derivatives:

dye

dX

3Ce

dye

3Qe
r-z

Table 2 Correspondence of the quantities
in the framework examples to the generic quantities

Generic Framework

Xe=f(ye)

Qe,z

g*

NLC
NE
n
n(e)
t(e)
NExt(e)

r(e)
z

e -1,2,3

{N,M,T}e>z

Constraints on the loaded node
horizontal translation and
rotation due to P and M

Beam stress and local buckling
constraints

Beam mass, M =f(A {,A2,A3)

2
3

18
6
2
6
3

3xNLC = 6
2

The algorithm described in Ref. 8 uses first and second
derivatives of behavior with respect to the design variables.
The computational cost of the second derivatives is
eliminated in a version of the algorithm given in Ref. 12, and
it may be reduced by means of the techniques proposed in
Refs. 13 and 14.

The optimum sensitivity derivatives can be used in a
Taylor series to convert the nonlinear dependence of Ce and
ye on X in Eqs. (17c) and (17d) into the linear extrapolation
approximations

(19a)

rrvr. ' ' (19b)

where subscripts a and 0 denote, respectively, the approx-
imate and reference values. The chain differentiation reflects
the dependence of Qe-z on X that occurs in redundant struc-
tures in which, generally speaking, each Qe

r>z depends on
each Xe

t, therefore, the summation in the chain differentia-
tion spans the entire vector X. The derivatives dQe-z/dXe

t are
behavior sensitivity derivatives routinely available through
analytical techniques applied to Eqs. (7) and (8).15'17

The relations established in Eqs. (19) will be referred to as
a linear representation of the subsystem.

System (Structure) Level Problem with Embedded Coupling
Substituting Eqs. (19) into Eqs. (17), the system-level op-

timization problem becomes

min F(X)
[ X ]

STOCgj<0,

(20a)

(20b)

(20c)

(20d)

(20e)

(20f)

(20g)

Two new groups of constraints appear in Eqs. (20f) and
(20g). The constraints of Eq. (20f) are added to keep the op-
timization algorithm from generating such combinations of
Xe

t values that cannot be physically implemented at the finite
element level (for example, see Ref. 5, Eqs. C1-C5). The
constraints in Eq. (20g) introduce additional bounds on X as
move limits X1^ and xy needed to control the linearization
errors.
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Two-Level Procedure Algorithm and Salient Features
The linearization of Eqs. (17c) and (17d) resembles the

local linearization technique based on the behavior sensitivity
derivatives known to be very effective in nonlinear
mathematical programming.17'19 Incidentally, that technique
could also be used in Eq. (20b) to linearize gs; whether to ex-
ercise this option is a problem-dependent decision. As is the
case with any linearization technique applied to solve an in-
trinsically nonlinear problem, an iterative procedure has to
be constructed to allow recovery from the linearization er-
rors even though the errors are controlled by appropriate
move limits [Eq. (20g)]. The iterative procedure algorithm
consists of the following steps:

1) Initialize y.
2) Compute X [Eq. (3)].
3) Analyze assembled structure, obtain Qe-z, g5, and their

derivatives with respect to Xe
t [Eqs. (7), (8), and appropriate

gradient calculation technique].
4) Solve subsystem optimization, Eqs. (15), for each

element.
5) Calculate optimum sensitivity derivatives for the op-

tima found in step 4.
6) Solve the system optimization, Eqs. (20).
7) Update X and repeat from step 3 until a converged

solution is obtained.
In this procedure, optimizations performed in steps 4 and

6 are iterative within themselves and nested in the overall
iteration spanning steps 3 and 7. In further discussion, the
latter will be referred to as a cycle, while the term "itera-
tion" will be used in conjunction with steps 4 and 6.

Since the calculations performed in steps 4 and 5 of the
procedure are executed separately for each finite element,
they can be carried out concurrently using distributed com-
puting technology.

Information flow between the two levels of the procedure
is restated in Table 1. Readers familiar with system analysis
as formulated in the discipline of operations research20 will
recognize the information returned to the system level as a
particular means to solve the so-called system coordination
problem.

In the two-level procedure, the system objective function
(e.g., structural mass) is entirely controlled at the system
level by variables X which can be regarded as generalized
design variables that determine the structure mass and stiff-
ness distribution. The system objective function is not
directly included in the subsystem optimizations whose only
purpose is to achieve the best possible satisfaction of the
local constraints consistent with the parameters imposed
from the system level. The procedure is entirely open to ac-
commodate the designer's judgment as to the type and
number of design variables at each level. The familiar device
of variable linking21 can be used freely at both levels to keep
the number of design variables as small as possible and, for
the same purpose, one may refrain from including all of the
available elemental properties in the set of design variables
X.

Equivalence to a One-Level Optimization
According to Eqs. (20), (16), and (15), the two-level pro-

cedure, when converged in the Kuhn-Tucker15 sense, pro-
duces a feasible design, just as a single-level optimization
[Eqs. (9)] does. Moreover, if the Kuhn-Tucker conditions
are satisfied in the subsystem- and system-level problems in
the two-level procedure, one can infer that they are also
satisfied in the y space in the one-level optimization [Eqs.
(9)]. Discussion of the inference is given in Appendix B of
Ref. 9. In these respects then, the two procedures are
equivalent. However, it does not follow that both will lead
to the same design point in nonconvex problems having
multiple local minima. In such problems that include many
practical applications, the solution depends on the computa-

tional path through the design space, and the path taken, in
turn, depends on the algorithm. Since the two procedures are
aigorithmically different, a difference in their results in non-
convex applications should be expected. There is no basis to
rate one procedure inherently superior to the other in its ef-
fectiveness and efficiency in such applications.

This aspect of the procedure performance, as well as its
convergence characteristics and overall computational
behavior, can be assessed only by numerical experiments.
Such experiments are described in the next two sections.

Framework Structure as a Test Case
A portal framework shown in Fig. 3 is an example of a

hierarchical system that can be optimized for minimum mass
under static loads subject to strength and displacement con-
straints using the linear decomposition approach. The
decomposition is two-level and results directly from the fact
that one can use engineering beam theory to analyze the
framework for internal forces (the end forces on each beam)
and displacements, assuming that A and / for each beam are
given but without knowing the detailed cross-sectional
dimensions (b^t^...). These dimensions can be optimized
separately for each beam as long as the end forces in each
beam are known and assumed fixed which, in turn, requires
holding A and / of each beam constant. The correspondence
of the basic elements of a two-level decomposition approach
to the framework example is given in Table 2.

The Case Definition and Its One-Level Formulation
The framework is composed of three I-beams made of the

same material and having cross-sectional dimensions as
shown in the inset in Fig. 3. Structural optimization is to be
carried out for a minimum mass subject to constraints on
static response induced by two loading cases: a concentrated
force and a concentrated moment. The constraints are im-
posed on the framework displacements—horizontal transla-
tion and rotation at the loaded point of the framework, and
on the stresses in each beam. The extreme normal stresses
caused by bending moment and axial force, and the extreme
shear stress due to the transverse force, are constrained at
both ends of each beam to stay below the material allowable
stress and the critical stresses of local buckling. The latter ac-
count for buckling of flange and web but ignore the column
buckling. The framework is assumed to be supported against
displacements out of the plane of Fig. 3 to eliminate the need
for constraints on the framework overall instability and the
lateral-torsional buckling of its beams. Constraints include
the bounds on the design variables. Detailed formulations of
all of the constraints are provided in Appendix C of Ref. 9.

Analysis of the framework for displacements and internal
forces employs a standard, displacement-based, finite ele-
ment method representing each beam by a single beam ele-
ment. Beam stresses are calculated according to the engineer-
ing beam-bending theory. The critical buckling stresses are

500cm

1.

H$j- - -

1

*Uly-T

1

y

2
—— - ——— - ——— - ̂

, .
^T

X'l

M= 20xl06N-cm
n \ ] p - <;n mn M!^

1(X

NOT TO
SCALE
h

TTh

tr^ 3 J^^

10cm MATERIAL: ALUMINUM ALLOY
E = 7.06 x 106 N/cm2

oa = 20000 N/cm2

Tg = 116000 N/cm2

Fig. 3 Portal framework.
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computed for each part of the beam, e.g., a flange, as for an
isolated plate with appropriate boundary conditions using
routine techniques.22

Taking the detailed cross-sectional dimensions of each
beam as the design variables of the problem, the vector y in
Eq. (2) has 3 partitions, each containing 6 variables for one
beam, for a total of 18 design variables,

yT = I UMi A-] ', L*i,'i,*2-J 2 > l>i>'i.*2-J 3J

Optimization for minimum mass can be replaced with op-
timization for minimum material volume because of the
material homogeneity. Denoting the beam length by /,, the
objective function becomes a function of cross-sectional area
A,

The problem can be solved as a one-level optimization with
n = 1 8 design variables in a conventional formulation such as
given in Eqs. (9).

Two-Level Formulation
Under the two-level approach, the framework (system) is

considered decomposed into three beams (subsystems, finite
elements) under the action of the beam-end forces shown in
Fig. 3 (inset). If the decomposed framework were superim-
posed on the general multilevel decomposition scheme shown
in Fig. 1, the assembled framework would fall in the "entire
structure" box at level 1 and each beam would coincide with
a substructure at level 2, although in this case "substruc-
ture" simplifies to a single finite element. For the purposes
of the framework analysis, each beam's stiffness and mass
properties are determined by two elemental properties: cross-
sectional area A and moment of inertia /. These quantities
become the system-level design variables in vector X, Eq.
(3b), as indicated in Table 2. The framework displacement
constraints are in the gs category, while the beam stress con-
straints are included as ge in Eq. (10). Since the inequality in
Eq. (14) holds for each beam the original problem can be
solved decomposed into three subsystem problems of six
design variables ye each and a system problem of six design
variables X, according to Eqs. (15) and (20), respectively.
The cumulative constraint function defined generally in Eq.
(16) was set as a function proposed in Ref. 23 and applied in
Ref. 11 to approximate the maximum constraint.

1 f m 1
,.)= —— ̂  D exp (pgj ) (22)

P Ly = 7 J

KS (g,.

and has the property of following the maximum constraint:

max(gy)<KS<max(gy) (23)

with a tolerance that depends on the constant p supplied by
the user. The KS function has continuous derivatives and
performs as an extended penalty function because it is de-
fined throughout the infeasible as well as the feasible
domains.

Numerical Results
Two-level structural optimization by linear decomposition

is demonstrated for the framework example. The seven-step
procedure defined in the foregoing is implemented in a For-
tran main program that calls a finite element analysis
subroutine and an optimization subroutine (program CON-
MIN24) that employs a usable-feasible direction technique.
Results obtained on a PRIME 750 computer include bench-
mark data for a conventional one-level optimization and the
two-level optimization data. The detailed description of the

implemented procedure and formulation of the constraint
functions, including equality constraints on A{ and /,, used
in all of the numerical tests are given in Appendix C of
Ref. 9.

Results for a Conventional One-Level Approach
Several variants of one-level optimization and several dif-

ferent starting points in both the feasible and infeasible do-
mains were used to obtain the benchmark results. In variant
1, which was chosen to be the reference technique, all con-
straints were kept separate, while in variant 2 the constraints,
except side constraints, were collected in a cumulative con-
straint. A piecewise-linear procedure combined with the
cumulative constraint [in the form given in Eq. (24)] was
carried out in variant 3 using move limits of 15%. The pur-
pose of including variants 2 and 3 in the benchmark testing
was to determine to what extent the optimization results were
influenced by the use of a cumulative constraint and a
piecewise-linear procedure, which are both embedded in the
two-level optimization. It turned out that the three variants
and different starting points generate designs having masses
that fell to within 5% of the variant 1 result. Repetitiveness
of the two-level procedure measured by the difference be-
tween the minimum objective functions obtained when start-
ing from different initial designs was very good—Table 3
shows the difference well below 0.5%. However, in at least
one test case (not included in Table 3) there was as much as
a 300% difference in some design variables. These dif-
ferences are an indication that this particular example prob-
lem is nonconvex and has a "shallow" optimum.

The objective function and design variable values are
displayed in Table 3 for variant 1 of the one-level optimiza-
tion for initially infeasible and feasible designs to provide a
benchmark for the two-level optimization. (The unusually
large beam depth-to-width ratio is a predictable result of ex-
cluding the constraint of torsional-bending buckling and has
no bearing on the numerical verification of the method.)

Results for the Two-Level Procedure
Numerical studies with the two-level optimization were

carried out to assess the method's capability to produce op-
timum designs similar to the benchmark results, and to
evaluate its convergence. The move limits of ±15% on A
and ±30% on / in the set of variables X were found
satisfactory and were used uniformly in the study.

Similarity to the Benchmark Results
The results show the method's ability to generate designs

comparable to the benchmark design when starting from the
same point, either feasible or infeasible. As shown in Table
3, the minimum objective function values obtained by means
of the two-level optimization started from infeasible and
feasible points exceeded in both cases the benchmark values
corresponding to the one-level optimization by only 1.6 and
1.9%, respectively. This small but systematic discrepancy
may be attributed to the particular cumulative constraint for-
mulation given in Eq. (22) which, as shown in Eq. (23),
systematically over constrains the problem, and in a struc-
tural application causes a weight penalty.

More significant differences were recorded among the in-
dividual design variables at both local and system levels in
the optimal designs corresponding to different initial points.
The two-level optimization does not seem to magnify these
differences. In fact, a reduction was observed; see Table 3.
Specifically, comparison of the optimal design variables ob-
tained by means of the one-level procedure started from the
infeasible and feasible points reveals discrepancies up to 50%
(beam 1, variable &2)» while the largest such discrepancy for
the two-level procedure does not exceed 4% (beam 2,
variable b^.
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Convergence History
The convergence was found to be similar in character to

that of the conventional one-level method as illustrated by
comparison of a sample of history graphs in Fig. 4. The
graphs span horizontal intervals of different lengths because
the abscissa scales are different: "iterations" and "cycles"
for the one- and two-level optimizations, respectively. Each
graph, except graph 5, corresponds to an infeasible initial
design, and all are normalized by initial values. For the ob-
jective function (mass), graph 1 for two-level optimization
compares with graph 2 for one-level optimization. For the
constraints, graph 3 for a cumulative constraint of beam 1
compares with graph 4 for an individual constraint (one of
the flange local buckling constraints) in beam 1. Graph 5,
that has no counterpart, shows that, when started from an
initially feasible design, the two-level procedure exhibits con-
vergence of the objective function that is smoother and
faster than for an infeasible design starting point.

Fig. 4 Examples of history plots for the objective function, an in-
dividual constraint, and a cumulative constraint for one- and two-
level optimizations starting from feasible and infeasible designs. Fac-
tor 5 in graphs 3 and 4 is for scale uniformity.

Accuracy of Linear Extrapolation
The multilevel optimization approach is predicted on the

accuracy of the linear extrapolations based on the optimum
sensitivity derivatives. Therefore, it is interesting to see how
the cumulative constraint predicted by the linear extrapola-
tion at the end of one cycle compares with the result of full
analysis carried out at the beginning of the next cycle. Such a
comparison is displayed in Fig. 5 and shows that the predic-
tion error eventually vanishes after a number of cycles, thus
permitting the procedure to converge. The graphs show that
before the convergence is reached the linear extrapolation
consistently underpredicts the cumulative constraint value
when proceeding from an infeasible design starting point and
overpredicts it when the start is made from a feasible design
point.

Characteristically, the relative error is larger when the op-
timization is started from an infeasible design, apparently
because the procedure then goes through a number of
changes in the membership of the active constraint set that
comprises constraints defined in Eq. (15c) for each beam.
Consistent with observations reported in Refs. 8 and 25,

.25

(SCALE 5
FOR ( a ) )

V,
- CALCULATED

- PREDICTED

- ( a )

-.25

-.50

C
(SCALE

FOR (b ) )

20 30
CYCLES

-.75

-1.00

Fig. 5 Comparison of the cumulative constraint of beam 1 as
predicted by linear extrapolation at the system level and calculated in
full analysis: a) infeasible design start, b) feasible design start.

Table 3 Comparison of optimization results

Objective
function, cm3

Beam 1
*i
'i
h
h
b2
h

Beam 2
bi
'i
h
h
b2
h

BeamS
*i
'i
h
h
b2
h

Initial
values

(infeasible
design)

26,469

11.0
0.275

22.0
0.275
5.5
0.275

11.0
0.275

22.0
0.275
5.5
0.275

5.5
0.275

22.0
0.275

11.0
0.275

Final
One-level
optimi-
zation

90,682

10.0
0.491

78.1
0.517
8.08
0.511

10.3
0.439

95.7
0.421
8.46
0.539

5.0
0.267

47.8
0.25

10.0
0.332

results
Two-level

optimi-
zation

92,090

10.3
0.571

73.9
0.518
5.08
1.18

10.3
0.476

89.4
0.414
5.14
0.984

5.03
0.253

59.1
0.251

10.0
0.400

Initial
values

(feasible
design)

275,000

30.0
1.0

50.0
1.0

30.0
1.0

30.0
1.0

50.0
1.0

30.0
1.0

30.0
1.0

50.0
1.0

30.0
1.0

Final
One-level
optimi-
zation

90,592

13.0
0.450

74.9
0.497

12.1
0.487

11.4
0.404

89.9
0.397

10.7
0.435

7.50
0.268

61.9
0.25

10.0
0.369

results
Two-level

optimi-
zation

92,330

10.3
0.569

74.0
0.519
5.13
1.16

10.7
0.451

90.1
0.417
5.12
0.960

4.98
0.253

59.0
0.25

10.0
0.393

NOTES: See Fig. 3 for dimension definitions. All beam dimensions are in centimeters.
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these changes tend to degrade the accuracy of the optimum
sensitivity derivatives as the behavior predictors. The larger
prediction errors apparently cause the history plots to be
somewhat more jagged in all cases for which the optimiza-
tion is started from an infeasible design rather than from a
feasible one (see Fig. 4). They also slow down the con-
vergence so that a larger number of cycles is required when
starting from an infeasible design. However, the procedure
exhibits a good ability to recover from occasional large
prediction errors, e.g., cycle 8 in Fig. 5 (infeasible design
start) and cycles 11 and 13 in Fig. 5 (feasible design start),
and gets back on track with remarkable robustness.

Computational Cost
Since the purpose of the reported work was a demonstra-

tion of a concept, no attempt was made to refine either the
reference, one-level procedure, or the two-level procedure
for maximum computational efficiency, especially since the
framework example is much too small to demonstrate effi-
ciency of any optimization or analysis method. Nevertheless,
one may observe that the two-level optimization converges in
a number of cycles about equal to the number of iterations
in the one-level optimization, with the numerical workload in
a cycle being less than in an iteration. While the precise
workload difference depends on the algorithmic and im-
plementation details, the major difference stems from having
to calculate a number of gradient vectors equal to the
number of design variables which is smaller than in the one-
level optimization at the system level of the two-level
optimization.

Concluding Remarks
A method for decomposing an optimization problem into

a set of subproblems and a single coordination problem
which preserves the coupling between the subproblems has
been described. The resulting procedure is iterative and calls
for repetitive analysis of the assembled structure, optimiza-
tion of the individual components as subproblems, followed
by optimization of the assembled structure in which the com-
ponent optimum solutions are extrapolated linearly using
their optimum sensitivity derivatives with respect to the
system-level design variables and internal forces. The sub-
problems are organized hierarchically into two levels. The
variables at the lowest level (the subsystem level) are physical
cross-sectional dimensions; the variables at the highest level
(the system level) are quantities that govern the stiffness and
mass distribution among the finite elements of the structure.
The overall objective function (such as structural weight) is
controlled at the system level. Optimization at that level in-
fluences the level below by means of changing the mass and
stiffness distribution, and the associated distribution of in-
ternal forces.

The method is demonstrated using a portal framework as
an example of a two-level structure in which the system-level
variables are the cross-sectional areas and moments of inertia
of the beams, and the subsystem-level variables are the beam
detailed cross-sectional dimensions. Verification of the
method by comparison with the results obtained by a con-
ventional one-level optimization shows the validity and effec-
tiveness of the proposed approach.

Satisfactory testing of the two-level approach is a stepping
stone for implementation of a multilevel structural optimiza-
tion procedure. That implementation is seen as a stage in the
development of a multilevel optimization for multi-
disciplinary engineering systems whose goal is to allow
groups of engineers using distributed computing technology
to work concurrently on various parts of the problem,
thereby reducing the real time of the system design.
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